
Lar ge-scalebiophysicalparameter estimation in
singleneuronsvia constrainedlinear regression

Misha B. Ahr ens� , Quentin J.M. Huys� , Liam Paninski
GatsbyComputationalNeuroscienceUnit

UniversityCollegeLondon
{ahrens,qhuys,liam}@gatsby.ucl.ac.uk

Abstract

Our understandingof the input-outputfunctionof singlecells hasbeen
substantiallyadvancedby biophysically accuratemulti-compartmental
models. The large numberof parametersneedinghandtuning in these
modelshas,however, somewhathamperedtheir applicabilityandinter-
pretability. Hereweproposeasimpleandwell-foundedmethodfor auto-
maticestimationof many of thesekey parameters:1) thespatialdistribu-
tion of channeldensitieson thecell's membrane;2) thespatiotemporal
patternof synapticinput; 3) thechannels'reversalpotentials;4) the in-
tercompartmentalconductances;and5) thenoiselevel in eachcompart-
ment. We assumeexperimentalaccessto: a) thespatiotemporalvoltage
signalin thedendrite(or somecontiguoussubpartthereof,e.g. via volt-
agesensitive imagingtechniques),b) anapproximatekineticdescription
of the channelsandsynapsespresentin eachcompartment,andc) the
morphologyof the part of the neuronunderinvestigation. The key ob-
servation is that,givendataa)-c),all of theparameters1)-4) maybesi-
multaneouslyinferredby a versionof constrainedlinearregression;this
regression,in turn, is ef�ciently solvedusingstandardalgorithms,with-
outany “local minima” problemsdespitethelargenumberof parameters
and complex dynamics. The noiselevel 5) may also be estimatedby
standardtechniques.We demonstratethemethod's accuracy on several
modeldatasets,anddescribetechniquesfor quantifyingtheuncertainty
in ourestimates.

1 Introduction

Theusualtradeoff in parameterestimationfor singleneuronmodelsis betweenrealismand
tractability. Typically, themorebiophysicalaccuracy onetriesto inject into themodel,the
harderthecomputationalproblemof �tting themodel'sparametersbecomes,asthenumber
of (nonlinearlyinteracting)parametersincreases(sometimeseveninto thethousands,in the
caseof complex multicompartmentalmodels).
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helpful and interesting discussions, and to R. Wood for channel definitions.



Previousauthorshave notedthedif�culties of this large-scale,simultaneousparameteres-
timationproblem,whichareduebothto thehighly nonlinearnatureof the“cost functions”
minimized(e.g.,thepercentageof correctly-predictedspike times[1]) andtheabundance
of localminimaon thevery large-dimensionalallowedparameterspace[2, 3].

Herewepresentamethodthatis bothcomputationallytractableandbiophysicallydetailed.
Ourgoalis to simultaneouslyinfer thefollowing dendriticparameters:1) thespatialdistri-
butionof channeldensitiesonthecell'smembrane;2) thespatiotemporalpatternof synap-
tic input;3) thechannels'reversalpotentials;4) theintercompartmentalconductances;and
5) thenoiselevel in eachcompartment.Achieving this somewhatambitiousgoalcomesat
aprice:ourmethodassumesthattheexperimentera)knowsthegeometryof thecell, b) has
a goodunderstandingof thekineticsof thechannelspresentin eachcompartment,andc)
mostimportantly, is ableto observe thespatiotemporalvoltagesignalon thedendritictree,
or at leasta fractionthereof(e.g.by voltage-sensitive imagingmethods;in electrotonically
compactcells,singleelectroderecordingscanbeused).

The key to the proposedmethodis to recognisethat, when we condition on dataa)-c),
thedynamicsgoverningthis observedspatiotemporalvoltagesignalbecomelinear in the
parameterswe areseekingto estimate(even thoughthe systemitself may behave highly
nonlinearly),so that theparameterestimationcanberecastinto a simpleconstrainedlin-
ear regressionproblem(seealso[4, 5]). This implies, somewhat counterintuitively, that
optimizing the likelihoodof the parametersin this settingis a convex problem,with no
non-globallocal extrema.Moreover, linearly constrainedquadraticoptimizationis anex-
tremelywell-studiedproblem,with many ef�cient algorithmsavailable.Wegiveexamples
of theresultingmethodssuccessfullyappliedto several typesof modeldatabelow. In ad-
dition, we discussmethodsfor incorporatingprior knowledgeandanalyzinguncertainty
in our estimates,again basingour techniqueson thewell-foundedprobabilisticregression
framework.

2 Methods

Biophysicallyaccuratemodelsof singlecellsaretypically formulatedcompartmentally– a
setof �rst-order coupleddifferentialequationsthatform aspatiallydiscreteapproximation
to thecableequations.Modelingthecell underinvestigation in this discretizedmanner, a
typicalequationdescribingthevoltagein compartmentx is

Cx dVx (t) =

 
X

i

ai;x J i;x (t) + I x (t)

!

dt + � x dNx;t : (1)

Here� x Nx;t is evolution (current)noiseandI x (t) is externallyinjectedcurrent.Dropping
thesubscriptx wherepossible,thetermsai · J i (t) representcurrentsdueto:

1. voltagemismatchin neighbouringcompartments,f x;y (Vy (t) − Vx (t)) ,
2. synapticinput,gs(t)(Es − V(t)) ,
3. membranechannels,active (voltage-dependent)or passive, �gj gj (t)(E j − V(t)) .

Hereai areparametersto beinferred:

1. theintercompartmentalconductancesf x;y ,
2. thespatiotemporalinput from synapses, us(t), from whichgs(t) is obtainedby

dgs(t)=dt = −gs(t)=�s + us(t); (2)

a linear convolution operation(the synaptickinetic parameter� s is assumed
known) whichmaybewritten in matrixnotationgs = Ku .



3. theion channelconcentrations�gj . Theopenprobabilitiesof channelj , gj (t), are
obtainedfrom thechannel kinetics, whichareassumedto evolvedeterministically,
with aknown dependenceonV , asin theHodgkin-Huxley model,gN a = m3h,

� m dm(t)=dt = m1 (V ) − m; (3)

and similarly for h. Again, we emphasizethat the kinetic parameters� m and
m1 (V ) are assumedknown; only the inhomogeneousconcentrationsare un-
known. (For passivechannelsgj is takenconstantandindependentof voltage.)

Theparameters1-3arerelative to membranecapacitanceCx .1

Whenmodelingthe dynamicsof a singleneuronaccordingto (1), the voltageV(t) and
channelkineticsgj (t) are typically evolved in parallel,accordingto the injectedcurrent
I (t) andsynapticinputsus(t). Suppose,on the otherhand,that we have observed the
voltageVx (t) in eachcompartment.Sincewe have assumedwe alsoknow the channel
kinetics(equation3), thesynaptickinetics(equation2) andthereversalpotentialsE j of the
channelspresentin eachcompartment,we maydecoupletheequationsanddeterminethe
openprobabilitiesgj ;x (t) for t ∈ [0; T]. This, in turn, impliesthatthecurrentsJ i;x (t) and
voltagedifferentials _Vx (t) areall known, andwe mayinterpretequation1 asa regression
equation, linearin theunknown parametersai , insteadof anevolutionequation.This is the
key observationof thiswork.

Thuswe canuselinear regressionmethodsto simultaneouslyinfer optimal valuesof the
parameters{�gj ;x ; us;x (t); f x;y }

2. Moreprecisely, rewrite equation(1) in matrix form, _V =
Ma + � � , whereeachcolumnof thematrixM is composedof oneof theknown currents
{J i (t); t ∈ [0; T]} (with T thelengthof theexperiment)andthecolumnvectors _V ; a, and
� arede�ned in theobviousway. Then

âopt = argmin
a

‖ _V − Ma ‖2
2: (4)

In addition,sinceonphysicalgroundsthechannelconcentrations,synapticinput,andcon-
ductancesmustbe non-negative, we requireour solutionai ≥ 0. The resultinglinearly-
constrainedquadraticoptimizationproblemhasno local minima(dueto theconvexity of
theobjective functionandof thedomaingi ≥ 0), andallows quadraticprogramming(QP)
tools(e.g.,quadprog.min Matlab)to beemployedfor highly ef�cient optimization.

Quadratic programming tactics: As emphasizedabove,thedimensiond of theparameter
spaceto beoptimizedover in thisapplicationis quitelarge(d ∼ N comp (TNsy n + Nchan ),
with N denotingthenumberof compartments,synapsetypes,andmembranechanneltypes
respectively). While our problemis convex, andthereforetractablein thesenseof having
no nongloballocal optima, the time-complexity of QP, implementednaively, is O(d3),
which is tooslow for ourpurposes.

Fortunately, the correlationalstructureof the parametersallows us to performthis opti-
mizationmoreef�ciently , by severalnaturaldecompositions:in particular, given thespa-
tiotemporalvoltagesignalVx (t), parameterswhich aredistantin space(e.g.,thedensities
of channelsin widely-separatedcompartments)andtime(i.e.,thesynapticinputus;x (t) for
t = t i andt j with |t i − t j | large)maybeoptimizedindependently. Thisamountsto akind
of “coordinatedescent”algorithm, in which we decomposeour parameterset into a set
of (not necessarilydisjoint) subsets,anditeratively optimizetheparametersin eachsubset

1Note that Cx is the proportionality constant between the externally injected electrode current and
dV
dt . It is linear in the data and can be included with the other parameters ai in the joint estimation.

2In the case that the reversal potentials Ej are unknown as well, we may estimate these terms by
separating the term �gj gj (t)(V (t) � Ej ) into �gj gj (t)V (t) and ( �gj Ej )gj (t), thereby increasing the
number of parameters in the regression by one per channel; Ej is then set to ( �gj Ej )/�gj .



while holdingall theotherparameters�x ed. (Thequadraticnatureof theoriginal problem
guaranteesthat eachof thesesubsetproblemswill be quadratic,with no local minima.)
Empirically, we foundthatthis decomposition/ sequentialoptimizationapproachreduced
thecomputationtime fromO(d3) to nearO(d).

2.1 The probabilistic framework

If we assumethe noiseNx;t is Gaussianandwhite, thenthe mean-squareregressionso-
lution for a describedabove coincidesexactly with the(constrained)maximumlikelihood
estimate,̂aM L = argmina ‖ _V −Ma ‖2

2=2� 2. (Thenoisescale� mayalsobeestimatedvia
maximumlikelihood.) This suggestsseveral straightforward likelihood-basedtechniques
for representingtheuncertaintyin ourestimates.

Posterior con�dence intervals: Theassumptionof Gaussiannoiseimpliesthattheposte-
rior distributionof theparametersa is of theform p(a|V ) = 1

Z p(a)G�; � (a), with Z anor-
malizingconstant,theprior p(a) supportedonai ≥ 0, andthemeanandcovarianceof the
likelihoodGaussianG(a) givenby � = (M T M ) � 1M T _V and� � 1 = M T M =� 2. Wewill
assumea �at prior distribution p(a) (that is, no prior knowledge)on thenon-synapticpa-
rameters{�gj ;x ; f x;y } (althoughclearlynon-�at priorscanbeeasilyincorporatedhere[6]);
for thesynapticparametersus;x (t) it will beconvenientto usea product-of-exponentials
prior, p(u) =

Q
i � i exp(−� i ui ). In eachcase,computingcon�dence intervals for ai

reducesto computingmomentsof multidimensionalGaussiandistributions, truncatedto
ai ≥ 0.

Weuseimportancesamplingmethods[7] tocomputethesemomentsfor thechannelparam-
eters.Samplingfrom high-dimensionaltruncatedGaussiansvia sample-rejectis inef�cient
(sincesamplesfrom thenon-truncatedGaussian– call this distribution p� (a|V ) – mayvi-
olate the constraintai ≥ 0 with high probability). Thereforewe sampleinsteadfrom a
proposaldensityq(a) with supporton ai ≥ 0 (speci�cally, a productof univariatetrun-
catedGaussianswith meanai andappropriatevariance)andevaluatethesecondmoments
aroundaM L by

E[(ai −aM Li )2|V ] ≈
1
Z

NX

n =1

p� (an |V )
q(an )

(an
i −aM Li )2 where Z =

NX

n =1

p� (an |V )
q(an )

:

(5)
HessianPrincipal ComponentsAnalysis: The proceduredescribedabove allows us to
quantifytheuncertaintyof individualestimatedparametersai . Wearealsointerestedin the
uncertaintyof ourestimatesin a joint sense(e.g.,in theposteriorcovarianceinsteadof just
theindividualvariances).ThenegativeHessianof theloglikelihoodfunction,A ∼ M T M ,
containsa greatdeal of this information, which may be extractedvia a kind of princi-
pal componentsanalysis:theeigenvectorsof A correspondingto thegreatesteigenvalues
tell us in which directionsthe modelis moststronglyconstrainedby the data,while low
eigenvaluescorrespondto directionsin which thelikelihoodchangesrelatively slowly, e.g.
channelswhosecorrespondingcurrentsarehighly correlated(andthereforeapproximately
interchangeable).Theseideaswill beillustratedin section3.4.

3 Results

To testthevalidity, ef�ciency andaccuracy of theproposedmethodwe apply it to model
dataof varyingcomplexity.



3.1 Inferring channelconductancesin a multicompartmental model

We takeasimple14-compartmentmodelneuron,describedby

Cx
dVx

dt
=

N chanX

c=1

�gcgc(Vx ; t)(Ec −Vx (t)) +
X

y

f x;y · (Vy (t) −Vx (t)) + I x (t) + � x dNx;t ;

recall f x;y arethe intercompartmentalconductances,gc(V; t) is channelc's conductance
stategiven thevoltagehistoryup to time t, and�gc is thechannelconcentration.We min-
imize a vectorizedexpressionasabove (equation4). On biophysical groundswe require
f x;y = f y;x ; we enforcethis (linear)constraintby only includingoneparameterfor each
connectedpair of compartments(x; y). In this casethetruechannelkineticswereof stan-
dardHodgkin-Huxley form (Na+ , K+ andleak),with inhomogeneousdensities(�gure 1).
To test the selectivity of the estimationprocedure,we �tted Nchan = 8 candidatechan-
nelsfrom [8, 9, 10] (� ve of which wereabsentin thetruemodelcell). Figure1 shows the
performanceof the inference;despitethefact thatwe usedonly 20 msof modeldata,the
last7 msof which wereusedfor theactual�tting (the�rst 13 mswereusedto evolve the
randominitial conditionsto an approximatelycorrectvalue),the �t is nearperfectin the
� = 0 case,with vanishinglysmallerrorbars.Theconcentrationsof the� ve channelsthat
werenotpresentwhengeneratingthedataweresetto approximatelyzero,asdesired(data
not shown). The lower panelsdemonstratetherobustnessof themethodson highly noisy
(large � ) data,in which casethe estimatederrorbarsbecomesigni�cant, but the perfor-
mancedegradesonly slightly.
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Figure 1: Top panels: σ = 0. 14 compartment model neuron, Na+ channel concentration indi-
cated by grey scale; estimated Na+ channel concentrations in the noiseless case; observed voltage
traces (one per compartment); estimated concentrations. Bottom panels: σ large. Na+ channel con-
centration legend, values relative to Cm (e.g. in mS/cm2 if Cm = 1µF/cm2); estimated Na+

concentrations in the noisy case; noisy voltage traces; estimated channel concentrations. K+ channel
concentrations and intercompartmental conductances fx;y not shown (similar performance).

3.2 Inferring synaptic input in a passivemodel

Next we simulateda single-compartment,leaky neuron(i.e., no voltage-sensitive mem-
branechannels)with synapticinput from threesynapses,two excitatory (glutamatertic;



� = 3 ms, E = 0 mV) andoneinhibitory (GABAA; � = 5 ms, E = −75 mV). When
we attemptedto estimatethe synapticinput us(t) via the ML estimatordescribedabove
(�gure 2, left), weobserveanoverfitting phenomenon:thecurrentnoisedueto N t is being
“explained”by competingbalancedexcitatoryandinhibitory synapticinputs.Thisover�t-
ting is unsurprising,giventhatwe aremodelinga T-dimensionalobservation, _V , with 2T
regressorvariables,u� (t) andu+ (t); 0 < t < T (indeed,over�tting is muchlessapparent
in thecasethatonly onesynapseis modeled,wherenobalanceof excitationandinhibition
is possible;datanot shown).

Onceagain, we maymake useof well-known techniquesfrom theregressionliteratureto
solve this problem:in this case,we needto regularizeour estimatedsynapticparameters.
Insteadof maximizingthelikelihood,uM L , wemaximizetheposterior likelihood

ûM AP = argmin
u

1
2� 2 ‖

_V − MKu ‖2
2 + � u · n with ut ≥ 0 ∀t; (6)

wheren is a vectorof onesand� is theLagrangemultiplier for theregularizer, or equiva-
lently parametrizestheexponentialprior distribution over u(t). As mentionedabove, this
maximuma posteriori (MAP) estimatecorrespondsto a productexponentialprior on the
synapticinput ut ; themultiplier � maybechosenastheexpectedsynapticinput perunit
time. It is well known thatthis typeof prior hasasparseningeffect,shrinkingsmallvalues
of uM L (t) to zero.This is visible in �gure 2 (right); weseethatthesmall,noise-matching
synapticactivity is effectively suppressed,permittingmuchmoreaccuratedetectionof the
trueinput spike timing.
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Figure 2: Inferring synaptic inputs to a passive membrane. Top traces: excitatory inputs; bottom:
inhibitory inputs; middle: the resulting voltage trace. Left panels: synaptic inputs inferred by ML;
right: MAP estimates under the exponential (shrinkage) prior. Note the overfitting by the ML esti-
mate (left) and the higher accuracy under the MAP estimate (right); in particular note that the two
excitatory synapses of differing magnitudes may easily be distinguished.

3.3 Inferring synaptic input and channeldistrib ution in an activemodel

The optimizationis, as mentionedearlier, jointly convex in both channeldensitiesand
synapticinput. We illustratethesimultaneousinferenceof channeldensitiesandsynaptic
inputsin asinglecompartment,writing themodelas:

dV
dt

=
N chanX

c=1

�gcgc(V; t)(Vc − V(t)) +
SX

s=1

gs(t)(Vs − V(t)) + � dN (t); (7)

with thesamechannelsandsynapsetypesasabove. Thecombinationof leakconductance
andinhibitory synapticinput leadsto very small eigenvaluesin A andslow convergence



whenapplying the above decomposition;thus, to speedconvergenceherewe coarsened
thetime resolutionof thesynapticinput from 0.1msto 0.2ms. Figure3 demonstratesthe
accuracy of theresults.
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Figure 3: Joint inference of synaptic input and channel densities. The true parameters are in blue,
the inferred parameters in red. The top left panel shows the excitatory synaptic input, the middle left
panel the voltage trace (the only data) and the bottom left traces the inhibitory synaptic input. The
right panel shows the true and inferred channel densities; channels are the same as in 3.1.

3.4 Eigenvector analysisfor a single-compartmentmodel

Finally, asdiscussedabove,theeigenvectors(“principal components”)of theloglikelihood
HessianA carrysigni�cant informationaboutthedependenceandredundancy of thepa-
rametersunderstudyhere.An exampleis givenin �gure 4; for simplicity, we restrictour
attentionagain to the single-compartmentcase. In the leftmost panels,we seethat the
directionamost most highly-constrainedby the data– the eigenvector correspondingto
the largesteigenvalueof A – turnsout to have the intuitive form of the balancebetween
Na+ andK+ channels.Whenwe perturbthis balanceslightly (that is, whenwe shift the
modelparametersslightly alongthisdirectionin parameterspace,aM L → aM L + � amost ),
thecell's behavior changesdramatically. Conversely, the least-sensitive direction,al east ,
correspondsroughlyto thebalancebetweentheconcentrationsof two Na+ channelswith
similar kinetics,andmoving in this directionin parameterspace(aM L → aM L + � al east )
hasanegligible effecton themodel's dynamicalbehavior.
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Figure4: Eigenvectors of A corresponding to largest (amost , left) and smallest (aleast , right) eigen-
values, and voltage traces of the model neuron after equal sized perturbations by both (solid line:
perturbed model; dotted line: original model). The first four parameters are the concentrations of
four Na+ channels (the first two of which are in fact the same Hodgkin-Huxley channel, but with
slightly different kinetic parameters); the next four of K+ channels; the next of the leak channel; the
last of 1/C.



4 Discussion and future work

We have developeda probabilistic regressionframework for estimationof biophysical
single neuronpropertiesand synapticinput. This framework leadsdirectly to ef�cient,
globally-convergentalgorithmsfor determiningtheseparameters,andalsoto well-founded
methodsfor analyzingtheuncertaintyof theestimates.We believe this is a key �rst step
towardsapplyingthesetechniquesin detailed,quantitative studiesof dendritic input and
processingin vitro and in vivo. However, someimportantcaveats– and directionsfor
necessaryfuturework – shouldbeemphasized.

Observation noise: While we have explicitly allowed currentnoisein our main evolu-
tion equation(1) (andexperimentedwith avarietyof othercurrent-andconductance-noise
terms;datanotshown), wehaveassumedthattheresultingvoltageV(t) is observednoise-
lessly, with suf�ciently highsamplingrates.This is a reasonableassumptionwhenvoltage
is recordeddirectly, via patch-clampmethods.However, while voltage-sensitive imaging
techniqueshave seendramaticimprovementsover thelast few years(andwill continueto
do so in the nearfuture), currently thesemethodsstill suffer from relatively low signal-
to-noiseratiosandspatiotemporalsamplingrates. While the procedureproved to be ro-
bust to low-level noiseof variousforms(datanot shown), it will be importantto relaxthe
noiseless-observation assumption,most likely by adaptingstandardtechniquesfrom the
hiddenMarkov modelsignalprocessingliterature[11].

Hidden branches:Currentimaginganddyetechnologiesallow for themonitoringof only
afractionof adendritictree;thereforeourfocuswill beonestimatingthepropertiesof these
sub-structures.Furthermore,thesedyesdiffusevery slowly andmaymisssmallbranches
of dendrites,therebyeffectively creatingunobservedcurrentsources.

Misspeci�ed channel kinetics and channelswith chemicaldependence:Channelsde-
pendenton unobservedvariables(e.g.,Ca++ -dependentK+ channels),have not beenin-
cludedin themodel.Thetechniquesdescribedheremaythusbeappliedunmodi�ed to ex-
perimentaldatafor which suchchannelshave beenblockedpharmacologically. However,
we shouldnotethatour methodsextenddirectly to thecasewheresimultaneousaccessto
voltageandcalciumsignalsis possible;moregenerally, onecoulddevelopa semi-realistic
modelof calciumconcentration,andoptimizeover the parametersof this modelaswell.
We have discussedin somedetail (e.g. �gure 1) theeffect of misspeci�cationsof voltage-
dependentchannelkineticsandhow themostrelevantchannelsmaybeselectedby supply-
ing suf�ciently rich “channellibraries”. Suchlibrariescanalsocontainseveral“copies”of
thesamechannel,with oneor moresystematicallyvaryingparameters,thusallowing for
a limited searchin the nonlinearspaceof channelkinetics. Finally, in our discussionof
“equivalenceclasses”of channels(�gure 4), we illustratehow eigenvectoranalysisof our
objective functionallows for insightsinto thejoint behaviour of channels.
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