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Abstract

Our understandingf the input-outputfunction of single cells hasbeen
substantiallyadvancedby biophysically accuratemulti-compartmental
models. The large numberof parametersieedinghandtuningin these
modelshas,however, somavhat hamperedheir applicability andinter-
pretability Herewe proposeasimpleandwell-foundedmethodfor auto-
maticestimatiornof mary of thesekey parametersl) thespatialdistribu-
tion of channeldensitieson the cell's membrane?) the spatiotemporal
patternof synapticinput; 3) the channels'reversalpotentials;4) thein-
tercompartmentatonductancesand5) the noiselevel in eachcompart-
ment. We assumexperimentalaccesgo: a) the spatiotemporaboltage
signalin the dendrite(or somecontiguoussubparthereof,e.g. via volt-
agesensitve imagingtechniques)b) anapproximatekinetic description
of the channelsand synapsepresentin eachcompartmentandc) the
morphologyof the part of the neuronunderinvestigation. The key ob-
senationis that, givendataa)-c), all of the parameterd)-4) may be si-
multaneouslyinferredby a versionof constrainedinearregressionthis
regressionjn turn, is ef ciently solvedusingstandardalgorithms,with-
outary “local minima” problemsdespitethelargenumberof parameters
and comple« dynamics. The noiselevel 5) may also be estimatedby
standardechniques.We demonstratéhe methods accurag on several
modeldatasetsanddescribetechniquedor quantifyingthe uncertainty
in our estimates.

1 Introduction

Theusualtradeof in parameteestimatiorfor singleneuronmodelsis betweerrealismand
tractability Typically, the morebiophysicalaccurag onetriesto injectinto the model,the
harderthecomputationaproblemof tting themodel’s parameterbecomesasthenumber
of (nonlinearlyinteractingyparametermcreasegsometimegveninto thethousandsn the
caseof comple« multicompartmentaiodels).
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Previous authorshave notedthe dif culties of this large-scalesimultaneouparametees-
timationproblem whichareduebothto the highly nonlineamatureof the“costfunctions”
minimized(e.g.,the percentag®f correctly-predictedpike times[1]) andthe abundance
of local minimaonthevery large-dimensionadllowed parametespacq?2, 3].

Herewe presenamethodthatis bothcomputationallyractableandbiophysically detailed.
Ourgoalis to simultaneouslynfer thefollowing dendriticparametersi) the spatialdistri-
bution of channeldensitiesonthecell'smembrane2) the spatiotemporabatternof synap-
tic input; 3) thechannelsreversalpotentials4) theintercompartmentatonductancesnd
5) thenoiselevel in eachcompartmentAchieving this somavhatambitiousgoalcomesat
aprice: ourmethodassumethattheexperimentera) knowsthegeometryof thecell, b) has
a goodunderstandingf the kineticsof the channelgresentin eachcompartmentandc)
mostimportantly is ableto obsere the spatiotemporaloltagesignalonthedendritictree,
or atleastafractionthereof(e.g. by voltage-sensitie imagingmethodsjn electrotonically
compactells,singleelectroderecordingsanbeused).

The key to the proposedmethodis to recognisethat, whenwe condition on dataa)-c),
the dynamicsgoverningthis obsened spatiotemporaboltagesignalbecomelinear in the
parametersve are seekingto estimate(even thoughthe systemitself may behae highly
nonlinearly),sothatthe parameteestimationcanbe recastinto a simple constrainedin-
earregressionproblem(seealso[4, 5]). This implies, somevhat counterintuitvely, that
optimizing the likelihood of the parametersn this settingis a convex problem,with no
non-globallocal extrema. Moreover, linearly constrainedjuadraticoptimizationis an ex-
tremelywell-studiedproblem,with mary ef cient algorithmsavailable. We give examples
of theresultingmethodssuccessfullyappliedto severaltypesof modeldatabelow. In ad-
dition, we discussmethodsfor incorporatingprior knowledgeand analyzinguncertainty
in our estimatesagain basingour techniquesn the well-foundedprobabilisticregression
framawork.

2 Methods

Biophysically accuratenodelsof singlecellsaretypically formulatedcompartmentally-a
setof rst-order coupleddifferentialequationghatform a spatiallydiscreteapproximation
to the cableequations Modeling the cell underinvestigationin this discretizednanneya

typical equationdescribinghevoltagein compartmenk is
!

X
CxdVy(t) = Qix Jix (1) + Ix(t) dt+ 4 dNy;: 1)
i
Here Ny isevolution (current)noiseandl 4 (t) is externallyinjectedcurrent.Dropping
thesubscriptx wherepossiblethetermsa; - J; (t) representurrentsdueto:

1. voltagemismatchin neighbouringcompartmentsf, ., (Vy (t) — Vi (1)),
2. synapticinput,gs(t)(Es — V(1)) ,
3. membran&hannelsactive (voltage-dependendr passie, g; g; (t)(E; — V (1)).

Herea; areparameterso beinferred:

1. theintercompartmentatonductances,.y ,
2. thespatiotemporaihput from synapses, us(t), from which gs(t) is obtainedoy

dgs(t)=dt= —gs(t)= s + us(t); )

a linear convolution operation (the synaptickinetic parameter ¢ is assumed
known) which maybewrittenin matrix notationgs = Ku .



3. theion channekconcentrations; . The openprobabilitiesof channej , g; (t), are
obtainedrom thechannel kinetics, which areassumedo evolve deterministically
with aknown dependencenV, asin the Hodgkin-Huxley model,gy o = mS3h,

mdm(t)=dt=m; (V) —m; )

and similarly for h. Again, we emphasizethat the kinetic parameters,, and
m; (V) are assumedknown; only the inhomogeneougoncentrationsare un-
known. (For passie channelgy; is takenconstanendindependenof voltage.)

Theparameterd -3 arerelative to membraneapacitanc€, .

When modelingthe dynamicsof a single neuronaccordingto (1), the voltageV (t) and
channelinetics g; (t) aretypically evolved in parallel, accordingto the injectedcurrent
I (t) andsynapticinputsus(t). Supposepn the other hand,that we have obsened the
voltage Vy (t) in eachcompartment.Sincewe have assumedve alsoknow the channel
kinetics(equatiorB), thesynaptickinetics(equatior?) andthereversalpotentialsE; of the
channelgpresenin eachcompartmentywe may decouplethe equationsanddeterminethe
openprobabilitiesg;  (t) for t € [0; T]. This, in turn,impliesthatthe currentsl;y (t) and
voltagedifferentials\ (t) areall known, andwe may interpretequationl asa regression

equation, linearin theunknavn parameters;, insteadof anevolution equation.Thisis the
key obsenation of thiswork.

Thuswe canuselinear regressionmethodsto simultaneouslynfer optimal valuesof the

parametergg . ; Usx (t); fxy }2. More preciselyrewrite equation(1) in matrix form, \L =

Ma + ,whereeachcolumnof thematrixM is composeadf oneof theknown currents

{Ji(t);t € [0; T]} (with T thelengthof the experiment)andthe columnvectors\,; a, and
arede nedin theobviousway. Then

Bopt = arg mailn M — Ma ||3: (4)

In addition,sinceon physicalgroundshe channekoncentrationssynapticinput, andcon-
ductancesnustbe non-n@ative, we requireour solutiona; > 0. Theresultinglinearly-
constrainedjuadraticoptimizationproblemhasno local minima (dueto the corvexity of
the objective functionandof thedomaing; > 0), andallows quadraticorogrammingQP)
tools(e.g.,quadprog.mn Matlab)to beemployedfor highly ef cient optimization.

Quadratic programmingtactics. As emphasizedbove,thedimensiond of theparameter
spaceto be optimizedoverin this applicationis quitelarge (d ~ N comp (T Nsyn + Nchan ),
with N denotingthenumberof compartmentsynapseypes,andmembranehannetypes
respectrely). While our problemis corvex, andthereforetractablein the senseof having
no nongloballocal optima, the time-compleity of QP implementednaively, is O(d®),
whichis too slow for our purposes.

Fortunately the correlationalstructureof the parametersllows us to performthis opti-
mizationmoreef ciently, by several naturaldecompositionsin particular giventhe spa-
tiotemporalvoltagesignal Vi (t), parametersvhich aredistantin spacge.g.,the densities
of channelsn widely-separatedompartmentsandtime (i.e., thesynaptidnputus. (t) for
t = t; andt; with |t; — t; | large) maybe optimizedindependentlyThis amountgo akind
of “coordinatedescent’algorithm, in which we decomposeur parametersetinto a set
of (not necessarilyisjoint) subsetsanditeratively optimizethe parameterin eachsubset

"Note that Cy is the proportionality constant between the externally injected electrode current and
‘th. Itis linear in the data and can be included with the other parameters a;i in the joint estimation.

2In the case that the reversal potentials E; are unknown as well, we may estimate these terms by
separating the term g; gj (¢)(V(t) Ej) into g; g; (¢)V (¢) and (g; E; ) gj (¢), thereby increasing the
number of parameters in the regression by one per channel; Ej is then set to (gj Ej)/g; -



while holdingall the otherparametersx ed. (The quadraticnatureof the original problem
guaranteeshat eachof thesesubsetproblemswill be quadratic,with no local minima.)
Empirically, we foundthatthis decompositior sequentiabptimizationapproachreduced
the computatiortime from O(d®) to nearO(d).

2.1 The probabilistic framework

If we assumehe noiseNy; is Gaussiarandwhite, thenthe mean-squareegressionso-
lution for a describedabore coincidesexactly with the (constrainedmaximumlikelihood
estimatey | = argmin, |\.—Ma ||3=2 2. (Thenoisescale mayalsobeestimatedia
maximumlikelihood.) This suggestsereral straightforvard likelihood-basedechniques
for representinghe uncertaintyin our estimates.

Posterior con dence intervals. Theassumptiorof Gaussiamoiseimpliesthatthe poste-
rior distribution of theparametersa is of theformp(a|V ) = Zip(a)G; (a), with Z anor
malizing constantthe prior p(a) supportedbna; > 0, andthe meanandcovarianceof the
likelihoodGaussiarG(a) givenby = (MTM) *MT\Vand = MTM= 2 Wewill
assume at prior distribution p(a) (thatis, no prior knowledge)on the non-synaptiga-
rameters{g;.x ; fxy } (althoughclearlynon- at priorscanbe easilyincorporatechere[6]);
for the synaptiq@arameterms;X (t) it will be corvenientto usea product-of-gponentials
prior, p(u) = ~, iexp(— iu;). In eachcase,computingcon denceintervals for &
reducesto computingmomentsof multidimensionalGaussiardistributions, truncatedto
a > 0.

We useimportancesamplingmethodg7] to computehesemomentdor thechanneparam-
eters.Samplingfrom high-dimensionalruncatedsaussiansia sample-rejedis inef cient

(sincesamplesrom the non-truncatedsaussian- call this distributionp (a|V ) —mayvi-

olatethe constrainta; > 0 with high probability). Thereforewe sampleinsteadfrom a
proposaldensityq(a) with supporton a; > 0 (speci cally, a productof univariatetrun-

catedGaussiansvith meana; andappropriatevariance)andevaluatethe secondnoments
arounday | by

X n X n
Zl wﬂ‘v)(ain —ayy)? where Z= wﬂ'\/)'

i a@") 1o a@)

)

HessianPrincipal ComponentsAnalysis. The proceduredescribedabove allows us to
quantifytheuncertaintyof individual estimategparameters; . We arealsointerestedn the
uncertaintyof our estimatesn ajoint sense€e.g.,in the posteriorcovarianceinsteadof just
theindividual variances) Thenegative Hessiarof theloglikelihoodfunction,A ~M TM,
containsa greatdeal of this information, which may be extractedvia a kind of princi-
pal componentsanalysis:the eigervectorsof A correspondingo the greateseigervalues
tell usin which directionsthe modelis moststrongly constrainedyy the data,while low
eigervaluescorrespondo directionsin whichthelik elihoodchangeselatively slowly, e.g.
channelsvhosecorrespondingurrentsarehighly correlatedandthereforeapproximately
interchangeable) Thesedeaswill beillustratedin section3.4.

E[(aj —am v )2|V] ~

3 Results

To testthe validity, ef ciency andaccurag of the proposedmethodwe applyit to model
dataof varyingcompleity.



3.1 Inferring channelconductancesn a multicompartmental model
We take a simple14-compartmenmodelneurondescribedy

dVX N){wan

X
Cx dt = 9cGc(Vi; )(Ec — Vi (1)) + fxy - (Wy(t) = V(1)) + 1x(t) + xdNyy ;
c=1 y

recallf,, aretheintercompartmentatonductancesy:(V;t) is channelc's conductance
stategiventhe voltagehistory up to time t, andg, is the channelconcentration We min-
imize a vectorizedexpressionasabove (equationd). On biophysical groundswe require
fxy = fyx; we enforcethis (linear) constraintoy only including oneparametefor each
connectegair of compartmentgx; y). In this casethe true channekineticswereof stan-
dardHodgkin-Huxley form (Na* , K* andleak),with inhomogeneoudensitieg gure 1).
To testthe selectvity of the estimationprocedurewe tted N¢han = 8 candidatechan-
nelsfrom [8, 9, 10] ( ve of which wereabsenin thetruemodelcell). Figurel shavsthe
performanceof the inference;despitethe factthatwe usedonly 20 ms of modeldata,the
last7 msof which wereusedfor theactual tting (the rst 13 mswereusedto evolve the
randominitial conditionsto an approximatelycorrectvalue),the t is nearperfectin the

= 0 casewith vanishinglysmallerrorbars.The concentrationsf the ve channelghat
werenot presentvhengeneratinghe dataweresetto approximatelyzero,asdesireddata
not shawn). The lower panelsdemonstratéhe robustnessof the methodson highly noisy
(large ) data,in which casethe estimatederrorbarsbecomesigni cant, but the perfor
mancedegradesonly slightly.

\ \ 50 200
N\ /"/ N / S o
[0]
| | o 3 100
© [0
= b0 =
—-—* —I—# S QUC_J 50
! ! -100 - 0 200
14 17 20
time (ms) E]P_l gNa
160 N\ / 2 200
AN < o x
- : E % 150
" | Iy 3 100
[o] o
40 —-—* ?>) {3 50
I =
0 . 100 200
HH Ia

Figure 1. Top panels: ¢ = 0. 14 compartment model neuron, Na™ channel concentration indi-
cated by grey scale; estimated Na™ channel concentrations in the noiseless case; observed voltage
traces (one per compartment); estimated concentrations. Bottom panels: ¢ large. Na™ channel con-
centration legend, values relative to Cr (6.9, in mS/em? if Cm = 1uF/cm?); estimated Na™
concentrations in the noisy case; noisy voltage traces; estimated channel concentrations. K+ channel

concentrations and intercompartmental conductances fyy not shown (similar performance).
3.2 Inferring synapticinput in a passive model

Next we simulateda single-compartmentigaky neuron(i.e., no voltage-sensitie mem-
branechannels)with synapticinput from three synapsestwo excitatory (glutamatertic;



= 3ms,E = 0 mV) andoneinhibitory (GABAA; = 5ms,E = —75mV). When
we attemptedo estimatethe synapticinput ug(t) via the ML estimatordescribedabove
(gure 2, left), we obsere anoverfitting phenomenonthe currentnoisedueto N is being
“explained”by competingbalancedxcitatoryandinhibitory synapticinputs. This over t-
ting is unsurprisinggiventhatwe aremodelinga T -dimensionabbsenation, \, with 2T
regressowvariablesu (t) andu. (t);0< t < T (indeed,over tting is muchlessapparent
in the casethatonly onesynapsés modeledwhereno balanceof excitationandinhibition
is possibledatanot shawvn).

Onceagin, we may make useof well-knowvn techniquegrom the regressioniteratureto
solwe this problem:in this case we needto regularizeour estimatedsynapticparameters.
Insteadof maximizingthelikelihood,uy |, we maximizethe posterior likelihood

1 .
Omap = argmin FH\L_ MKu |5+ u-n with u; >0 Wi (6)

wheren is avectorof onesand is the Lagrangemultiplier for the regularizer or equiva-
lently parametrizeshe exponentialprior distribution over u(t). As mentionedabove, this
maximuma posteriori (MAP) estimatecorrespondso a productexponentialprior on the
synapticinput u;; the multiplier may be chosenasthe expectedsynapticinput per unit
time. It is well known thatthis type of prior hasa sparseningffect, shrinkingsmallvalues
of uy L (t) to zero.Thisis visiblein gure 2 (right); we seethatthe small,noise-matching
synapticactiity is effectively suppressedyermittingmuchmoreaccuratedetectionof the
trueinput spike timing.
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Figure 2: Inferring synaptic inputs to a passive membrane. Top traces: excitatory inputs; bottom:
inhibitory inputs; middle: the resulting voltage trace. Left panels: synaptic inputs inferred by ML;
right: MAP estimates under the exponential (shrinkage) prior. Note the overfitting by the ML esti-
mate (left) and the higher accuracy under the MAP estimate (right); in particular note that the two
excitatory synapses of differing magnitudes may easily be distinguished.

3.3 Inferring synapticinput and channeldistrib ution in an active model

The optimizationis, as mentionedearlier jointly corvex in both channeldensitiesand
synapticinput. We illustratethe simultaneousnferenceof channeldensitiesandsynaptic
inputsin a singlecompartmentyriting the modelas:

d_v_NX\an

x
at GeQe(Vi)(Ve =V (1) +  Gs()(Vs — V(1)) + dN(1); ()

c=1 s=1

with the samechannelsandsynapseaypesasabove. The combinationof leakconductance
andinhibitory synapticinput leadsto very small eigervaluesin A andslow corvergence



when applying the abore decompositionthus, to speedcornvergenceherewe coarsened
thetime resolutionof the synapticinputfrom 0.1 msto 0.2ms. Figure3 demonstratethe
accuray of theresults.
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Figure 3: Joint inference of synaptic input and channel densities. The true parameters are in blue,
the inferred parameters in red. The top left panel shows the excitatory synaptic input, the middle left
panel the voltage trace (the only data) and the bottom left traces the inhibitory synaptic input. The
right panel shows the true and inferred channel densities; channels are the same as in 3.1.

3.4 Eigervector analysisfor a single-compartmentmodel

Finally, asdiscusse@bove, theeigervectors(“principal components”pf theloglikelihood
HessianA carry signi cant informationaboutthe dependencandredundany of the pa-
rameteraunderstudyhere. An exampleis givenin gure 4; for simplicity, we restrictour
attentionagain to the single-compartmentase. In the leftmost panels,we seethat the
directionamest Most highly-constrainedy the data— the eigervector correspondingo

the largesteigervalue of A — turnsout to have the intuitive form of the balancebetween
Na" andK* channels.Whenwe perturbthis balanceslightly (thatis, whenwe shift the
modelparameterslightly alongthis directionin parametespaceay . — amL + amost ),

the cell's behaior changegiramatically Corversely the least-sensitie direction, a|east s

correspondsoughlyto the balancebetweerthe concentrationsf two Na* channelswith

similarkinetics,andmoving in this directionin parametespacgay . — am L + @jeast)

hasanggligible effect onthemodel's dynamicalbehaior.

o, 0] o 50,

0.3| 0.6]
0.2] 0.4
0.2]

of

o
voltage [mV]
\
voltage [mV]
\

-0.2
-0.2 ) -0.4]

-0.3) -0.6|

AT 3 R 0 0 40 60 80 100 O TNa. . k. . . LR o w
time [ms]

40 60 80 100
time [ms]
Figure4: Eigenvectors of A corresponding to largest (amost , left) and smallest (ajeast , right) eigen-
values, and voltage traces of the model neuron after equal sized perturbations by both (solid line:
perturbed model; dotted line: original model). The first four parameters are the concentrations of
four Na™ channels (the first two of which are in fact the same Hodgkin-Huxley channel, but with
Islight]!ylgiéferent kinetic parameters); the next four of K™ channels; the next of the leak channel; the
asto .



4 Discussion and futurework

We have developeda probabilistic regressionframewvork for estimationof biophysical
single neuronpropertiesand synapticinput. This framewvork leadsdirectly to ef cient,

globally-comvergentalgorithmsfor determiningheseparametersandalsoto well-founded
methodsfor analyzingthe uncertaintyof the estimatesWe believe thisis akey rst step
towardsapplyingthesetechniquesn detailed,quantitatve studiesof dendriticinput and
processingn vitro andin vivo. However, someimportantcaseats— and directionsfor
necessarjuturework — shouldbe emphasized.

Observation noise: While we have explicitly allowed currentnoisein our main evolu-
tion equation(1) (andexperimentedvith a variety of othercurrent-andconductance-noise
terms;datanot shavn), we have assumedhattheresultingvoltageV (t) is obserednoise-
lessly with sufciently high samplingrates.Thisis areasonablassumptiorwhenvoltage
is recordeddirectly, via patch-clampmethods.However, while voltage-sensitie imaging
techniquedave seendramaticimprovementsover the lastfew years(andwill continueto
do soin the nearfuture), currently thesemethodsstill suffer from relatively low signal-
to-noiseratios and spatiotemporasamplingrates. While the procedureproved to be ro-
bustto low-level noiseof variousforms (datanot shavn), it will beimportantto relaxthe
noiseless-obseation assumptionmostlikely by adaptingstandardtechniquesrom the
hiddenMarkov modelsignalprocessinditerature[11].

Hidden branches: Currentimaginganddyetechnologiesllow for themonitoringof only
afractionof adendritictree;thereforeourfocuswill beonestimatinghepropertief these
sub-structuresFurthermorethesedyesdiffusevery slowly andmay misssmallbranches
of dendritestherebyeffectively creatingunobsered currentsources.

Misspeci ed channelkinetics and channelswith chemical dependence:Channelge-
pendenion unobsered variables(e.g.,Ca™ -dependenK* channels)have not beenin-

cludedin themodel. Thetechniqueslescribecheremaythusbeappliedunmodi ed to ex-

perimentaldatafor which suchchanneldhave beenblocked pharmacologicallyHowever,

we shouldnotethatour methodsextenddirectly to the casewheresimultaneousccesgo

voltageandcalciumsignalsis possiblejmoregenerally onecoulddevelopa semi-realistic
modelof calciumconcentrationand optimize over the parametersf this modelaswell.

We have discussedn somedetail (e.g. gure 1) theeffect of misspeci cationsof voltage-
dependenthannekineticsandhow themostrelevantchannelsnaybeselectedy supply-
ing sufciently rich “channellibraries”. Suchlibrariescanalsocontainseveral“copies” of

the samechannelwith one or more systematicallyarying parametersthusallowing for

a limited searchin the nonlinearspaceof channelkinetics. Finally, in our discussiorof

“equivalenceclasses’of channelq gure 4), we illustratehow eigervectoranalysisof our

objectie functionallows for insightsinto thejoint behaiour of channels.
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